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, Let K p ( u l , . . . : U p )  be the  comple te  p-par t i te  g raph  whose  i t h  ver tex  class has  u i vertices 
(1 _< i _<p). We show t h a t  the  t h e o r e m  of Erd6s and  Stone can be ex tended  as follows. The re  is 
an  abso lu te  cons t an t  a > 0  such  tha t ,  for all r_> l ,  0 < 7 < 1  and  0 < s < l / r  , every g r aph  G = G  n 
of ~ttfficiently large order  [G] = n  wi th  at  least  

edges conta ins  a K r + l ( s , m , . . . , m , s  where  m = r e ( n ) =  [~(1--7)(logn)/logr], s = s ( n ) =  

La(l-7)(lo~n)/rlog(1/s)J', and  g = ~(n) = Lc~el+'~/2nTj. T h e  above resul t  s t r e n g t h e n s  a 
sha rpen ing  of t he  Erd6s Stone t h e o r e m  due to Bollobs Erd6s,  and  Simonovits :  which  gua ran t eed  
the  exis tence of a K r + l ( S , . . . , s  ) in G. T h e  s t r e n g t h e n i n g  in our  resul t  lies in the  fact  t h a t  m 
above is i ndependen t  of  e and  ~ can  be  d e m a n d e d  to be a lmos t  the  first power of  n.  A rela ted 
conjec ture  ex tend ing  the  Chvs  sha rpen i ng  of the  Erd6s  Stone t h e o r e m  is presented.  

1. I n t r o d u c t i o n  

For a graph G let us 'denote its order ~y IG] and its size, the number of edges 
of G, by e(G); we shall  usually write G n for a graph of order n. Let r > 1 and 0 < 
c <_ 1/r be given. A celebrated theorem of Erdhs and Stone [6] says that,  for any 
fixed in t ege r t>  !, if a graph G=G n has order [Gl=n>_no(r,s,t) and 

( )(:) ~ e ( a ) _ >  1 - - l + e  , (1) 
r 

then G must contain a complete (r + 1)-partite graph Kr+l(t), whose every vertex 
class has cardinality t:: This resu]t is sharp in the following qualitative sense. 
Le%, Tr(n) denote the complete r-partite graph of order n whose vertex classes 
have cardinality as equal as possible. Then obviously Tr(n) contains no complete 
subgraph of order r + 1 but 

e ( T r ( n ) ) = ( l + ~  (n2), 

and hence ~ in (1) has to be strictly positive. This very powerful and rather 
surprising result of Erd6s and Stone has many important applications in extremal 
graph theory: see for instance [1], Chapter VI, Sections 3 and 4. 
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Let us denote by t(e,r,n) the largest t for which every graph of order n and 
size ( 1 - 1 / r + c ) ( ~ )  must contain a Kr+l (t). The Erdgs-Stone theorem tells us that  

r, n)  --* (2) 

as n--* oc; in fact their proof gives that t(e,r,n)>_ ~ ,  where log(r) denotes 

the r times iterated logarithm. What  is the real growth of t (e , r ,n)?  Results 
concerning this question were obtained by Bollobgs and Erd6s [2], BollobAs, Erd6s, 
and Simonovits [3], and ChvAtal and Szeme%di [4]. It is proved in [3] that  there is 
an absolute constant c > 0  such that 

c log n 
t(e, r, n) > (3) 

- r log(l /c)  ' 

and ChvAtal and Szeme%di [4], with a rather involved proof based on the deep 
regularity lemma of Szeme%di [7], improved this to 

log n 
t(c, r, n) 2 500 log(l /e)  ' (4) 

for large enough n. A result in [1] implies that  (4) above is best possible up to the 
constant 1/500. 

Let a graph G = G n of order n be given, and assume that  its edge- 

density d(G)= e(G)(3)-1 is d > 0. As d grows, what can we say about the various 
complete (r + 1)-partite subgraphs (r = 1 ,2 , . . . )  that  are guaranteed to exist in G? 
By the results given above, we first see that  the critical values for d are dr = 
1 - i / r :  when d increases beyond dr, we are suddenly guaranteed to find complete 
( r +  1)-partite subgraphs Kr+l(t) in G. Also, the cardinality of the vertex classes 
of our Kr+l(t) increases as d-dr  increases, until we have d=dr+z, when complete 
(r + 2)-partite subgraphs are "born". Note that  the above theorems only tell us 
that  when d is just above dr, we have a K=Kr+l( t )  in G but all its vertex classes 
are rather small if d -  dr is small. Now, since d -  dr-1 > r -2 is large, there are 
complete r-parti te graphs Kr(t) in G with t large. A very natural question then 
is the following: is it true that  if d = d(G) is just above dr and IGI is sufficiently 
large, then G contains a complete r-parti te subgraph such that (i) its vertex classes 
are of large cardinality, i.e. of cardinality independent of e = d -dr ,  and (ii) it can 
be extended to a complete (r + 1)-partite subgraph whose smallest vertex class is 
as large as the right-hand side of (4), where e = d -dr?  In other words, is it true 
that  our G contains an ( r +  1)-partite graph all of whose vertex classes are of large 
cardinality (independent of e = d -dr )  except for one, whose cardinality is as given 
in (4)? 

We believe that  the answer to the above question is "yes". In fact, it seems to 
us that  the following extension of the Chvs Szemerddi theorem is very plausible. 
As usual, we write Kp(ul, . . . ,up) for the complete p-partite graph whose vertex 
classes have cardinality u l , . . . , up .  

Conjecture 1. There is an absolute constant a > 0 such that, for all r >_ 1 and 0 < 
e <_ 1/r, every G ~ of sut~ciently large order satisfying 

e(Gn)> ( 1 _  --~+1 ~) ( 2 )  
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contains a K r + l ( S O , n O , . . . , m o ) ,  where 

] __alogn J so = s0(n) = Llog(U~) 

and 

I c~logn I 
n0  = n o ( n ) =  L logr  J" It 

Our main aim in this note is to prove a somewhat different extension of the 
Erd6s Stone theorem and, for that  matter, an extension of the Bollobs 
Simonovits theorem. 

Theorem 2. There  is an absolute constant  a > 0 such that, for all r > 1, 0 < 7 < 1, 
and 0 < r <_ l / r ,  every G n o f  Sumcient ly  large order satisfying 

contains a K r + l ( s l , m l , . . . , m l , & ) ,  where 

[ log_  
S l  = S l ( n )  = 0~(1  - -  7)flog(i/e), , 

and 

, l ogn  ] 
=hi(n) =  jl-ggg ], 

Note that Sl equals s0/r up to an absolute multiplicative constant, and hence 
Theorem 2 comes quite close to proving Conjecture 1. Furthermore, this theorem 
shows that,  perhaps a little unexpectedly, the largest vertex class of our (r + 1)- 
partite graph can be guaranteed to be extremely large, namely of order at least n 1-p 
for any fixed p > 0. Note that  Conjecture 1 and Theorem 2 are incomparable in 
the sense that neither implies the other. However, it is possible that Conjecture 1 
and Theorem 2 have a common extension, namely that Theorem 2 also holds if we 
change sl to ~sl and el to Lc(~,%~)n~J, where e(~,,,~)>0. 

Let us remark that our proof of Theorem 2 is based on a simple inequality, 
given in Lemma 5 below. Indeed, with the help of this lemma the proof of (3) by 
Bollobs ErdSs, and Simonovits can be easily upgraded to a proof of Theorem 2. 
We expect that to prove Conjecture 1 and its extension stated above a completely 
new approach is needed. 

This note is organised as follows. In the next section we prove Theorem 2 in 
the particular case where r = i and, by applying a standard lemma, we note that 
for r _> 2 we can derive Theorem 2 as a corollary of a seemingly weaker result, 
Theorem 4. In the final section we formulate our key inequality and give its proof; 
we then close the note by proving Theorem 4. 
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2. P r e l i m i n a r i e s  

We shall now s tar t  the proof  of Theo rem 2. For simplicity, we shall not specify 
the value of c~ now: it will be clear tha t  the inequalities we shall need in the sequel 
are valid if a is not larger t han  a certain absolute  constant .  Let us deal wi th  t h e  
ease r = 1 separa te ly  first. This  case will present  no difficulty; we shall merely  need  
very well-known methods  (of. [1], Chap te r  VI).  

Let  a g raph  G =  G n of order n be given. Assume tha t  e(G) _> e (~) and t h a t  n 
is sufficiently large, so tha t  our inequalities below are valid. Moreover,  we may  
assume tha t  e _< 1/2. Let s = s(n) = L(1 - 7 ) ( l o g n ) / B l o g ( 1 / e ) J .  We shall show 
tha t  G contains a copy of K2(s, [nT]). 

For a ver tex  x E G let us denote  its degree by d(x) = dG(x). The  number  of 
s tars  K2(1 , s )  present  in G is 

Zd)>  
xEG 

where the inequali ty follows from the convexity of the funct ion fs (x) = (sz). Hence, 
there exists a collection of s vertices of G tha t  is joined to at  least 

(do)(x)(:)-1 ~ ft\,//~(Tz-1))8 (~)-1 >_ IK(C(n--1)--S-FI~---8~-I )s E _>n~ 
xEG 

vertices, and this gives us a K2(s ,  In 'r])  in G, as required. 
Now we proceed to the case r > 2. We shall need the  following s t andard  lemma,  

whose proof  may  be found in [1], Chap te r  VI, p. 330. As usual,  we write (~(G) for 
the minimal  degree of a g raph  G. 

Lemma3.  LetO<e<_d< l. Supposen>4d/e  and d ( G n ) = e ( G ) ( ~ ) - l > d ,  rhen C n 

contains a subgraph H of order n"> (e /2)1 /2n  such that 5(H) > ( d -  e)n'. I 

The  above l e m m a  tells us t ha t  the following theorem implies (and so is prac-  
t ically equivalent to) Theo rem 2. 

Theorem 4. There is an absolute constant fl > 0 such that, for all r >_ 2, 0 < ~ < 1, 
and 0 < s < 1/r, every G n of sut~ciently large order satisfying 

- - + s  n r 
contains a Kr+l (S,m,. . .  ,re,f), where 

s = s ( ~ )  = /~(1 - 7 )  r l o g ( 1 / ~ )  

and 
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3. T h e  p r o o f  o f  T h e o r e m  4 

We shall assume throughout this section that  n is large enough. Let us once 
and for all fix r_>2, 0 < 7 < 1 ,  and 0<c__ 1/r .  We assume that  s, m and g are as in 
Theorem 4, where/~ > 0 will be specified later: it will be clear that  all inequalities 
used in the sequel are valid provided n>>_no=no(r,7,c), and/~_</90, where/90 is a 
positive absolute constant. Let us start by assuming that  ~ > 0 is small enough s o  
that if t o =  k(logn)/5OOlogrj then s<_to/lOr and m<_to/12. 

Before we proceed, let us give an inequality that  will be a crucial ingredient 
in deducing Theorem 4. The proof of this inequality, although standard, is rather 
cumbersome. Given two integer vectors p = (pr and d = (di)rl E N r with Pr >_ s 
and pi>_m ( l < i < r ) ,  let us set 

/=i /=1 

Lemma 5. Let p : (Pl , . . .  ,Pr) E I~ r be an integer vector such that p : ( i / r )  ~ i P i  
satisfies t o =  [(logn)/5OOlogrj <_p< 3s/E, and pi < p+ s for all l < i < r .  Then, i f  

S = {d = (di)rl E N r : s < di <_ Pi all i , ~ i d i  >_ ( r -  1)p, and dr = minidi} ,  

we have that min{f(d)  = f p ( d ) : d E  S} _>n ~-1. 

Proof. Note that if d = (di)[ E S then min{di : 1 < i < r -  1} > p/3. Indeed, if we 
assume that  dr -  1 <_ dj for all 1 < j < r -  2 then, since ~ i  di >_ ( r -  1)p, di < Pi <- P + s, 
and p _> to, we have that  dr-1 + dr >_ (r - 1 ) p -  (r - 2)(p + s) > 2p/3. Hence dr-]  >_ 
p/3 since dr-1 >_ dr. With a similarly simple argument we may check that  Pi >- m 
( l<i<_r) .  For d=(d i )~ ,  set 

r--1 

i=i 

Let d = (di)rl be given, and assume that d/~ _> de for some 1 _< k, g < r. Define d ~ = 

by putting 

{ d ~ + l  i f i = k  
d{=  d e - 1  i f i = g  

di otherwise, 

and then note that g ( d ' ) < g ( d ) .  Indeed, 

g(d')  d k + 1  d , - m  (1 ~ ) / ( 1  m ) < 1 .  
g(d) d k - m + l  de d k + l  - 

Hence rain{f (d) :  d E S} _> f (d*) ,  where d* = (d~)[ is such that d* =pr for 1 < i < 
r - a ,  1, g -2 >p/a,  and dr* =dr. Therefore we have that for all d =  (dOT c s 

f(d)> (d:) (pro/3)2/ (Pr) (P~2) (P~I) 
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since clearly p+s<2p .  Now, as p /3 -m>_p/4 ,  

p ~ - 8  J ~-- ~-- 2-6t3(1-~/)(l~176 ~ %--(1-- '7) /2 '  

Also, 

~%(I-~/)/2. 

Hence we have that the right-hand side of (5) is bounded from below by n -(I-~), 
as required. | 

Let us now start  the proof of Theorem 4. Let G = G n be so that  

- + c  n. 
r 

We shall need the following simple lemma in the sequel; its proof may be found 
in [1], Chapter  VI, p. 332. 

Lemma 6. Let X C G = G n be a subset of the vertices of G, and let Y C G -  X 
be the set of the vertices of G - X  that are adjacent to at /east  ( 1 -  1/r + c / 2 ) t X  I 
vertices in X .  Then 

rcn 
IYI > ~ -  - I X l .  | 

By the theorem of ChvAtal and Szemer6di [4], we know that  our graph G = 
G n contains a Kr( to )=  Kr(tO,. . . , to) ,  where to = L(logn)/5OOlogrJ. Amongst  all 
complete r -par t i te  subgraphs of G, let us choose K = K r ( p l  . . . .  ,Pr) C G such that  
if p = ( l / r ) E i P i  then Pi <--Pq-8 for all i, and such that  p is maximal under these 
conditions. Note that  p_> to. Let p (Pi)rl and P =  [2s/e]. The rest of the proof is 
now divided into two cases, according to the size of p. 

Case 1. p_> P 
Note that  we may assume that  P<_p<_P+I. Let Z be the vertices of G - V ( K )  

that  are joined to at least 

( 1 2 )  cpr 1 - - +  rp=p(r 1 ) + T  >p(r-1)  
r 

vertices of K.  Then by Lemma 6 we have that  IZI >ern/2-o(n)>_Ern/3.  Let z be 
~d z ~ r - l d  rz~r where di(z) is the number a vertex in Z and let dz be the sequence ~ i J l - <  i< J Jr, 

of vertices in the i th class of K that  are adjacent to z. For z c Z, let Nz be the 
number of subgraphs K ' C  K isomorphic to K r ( s , m , . . .  ,m) such that  (i) the first 
vertex class of K ~ is contained in the r th  vertex class of K,  and (ii) z is adjacent 
to all vertices of K ' .  Then 

, / =1  
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Also, the number N of r -par t i te  subgraphs K / fC  K isomorphic to Kr(s, m,.. . ,  m) 
with their first vertex classes contained in the r th  vertex class of K equals 

Now let Zj = {z E Z: dj (z) = mini d i(z)} (1 _< j < r). We may assume that  I Zrl>- 
IZI/r. Note that  if zcZr ,  then 

z r _ ( r -  1)(p + s) > Erp ( r -  ])s. d z = m i n d /  > p ( r - 1 ) + T  - 2 - 
i 

As p>_P, 

~ep _> ~ e P  = ~e _> s. 

Hence d~ >_erp/2-(r-1)s_>s.  Thus i f z E Z r  then dz E S ,  where S is as in 
Lemma 5. Therefore there is a copy of Kr(s,m,. . . ,m) in K that  is joined to at 
least IZ~lmin{fp(d): d E S} vertices in Zr, and by Lemma 5 this quantity is at 
least (en/a)/n 1-'y >_/~en ~. This completes the proof of this case. 

Case 2. p < P 

Let Z C G - V ( K )  be as in the previous case, and let U C Z be the set of the 
vertices in Z adjacent to at least s vertices in each class of K.  Here we split our 
argument into two subeases, according to the size of U. 

(i) Assume that  IUI >_ern/12. Then, again using Lemma 5, we see as in Case 1 
that  there is a K~(s,m,... ,m)C K joined to at least ~en~ vertices of G - V ( K ) ,  
completing the proof. 

(ii) Assume now that  IUl<er~/12. Our aim here is to show that  this cannot 
happen by derivir~g ~ cohtrg~liction. Let W=Z~U. By Lemma 6, we have that  Iwl _> 
IZl-ern/12 >_ ern/4. Let us classify the vertices in W by their neighbourhood in K:  
let us say that  two vertices x and y (x, y E W) are K-equivalent if the set of vertices 
of K that  are adjacent to x equals the corresponding set of vertices for y. How 
many classes of vertices have we split W into? Our aim now is to show that  the 
number of such classes is small, and therefore there is a large class. 

Let the Ci be the ith class of K .  For each w C W let i(w) be so that  w is adjacent 
to fewer than s vertices in Ci(w). Note that  the number of vertices # in K-Ci(w) 
that  are not adjacent to a fixed vertex w of W is less than (r-1)(p+s)-((r-1)p-s)= 
rs. Hence the number of classes that  we have split W into is at most 

4rnl/2. 
s 

Since W is large enough, there is a set W t c  W with cardinMity kp+s j  consisting 
of K-equivMent vertices. 



286 B. BOLLOBAS, Y. KOHAYAKAWA: AN ERDOS-STONE THEOREM 

We shall now finish the proof by constructing K '  = I~r(pl , . . . ,pr)  C G for 
which Pi <- P' + s (1 < i < r), where / = ( l / r )  ~ i P i  > P. Note that  this contradicts 
the maximali ty of p, and hence we are done. Denote by Ni the set of vertices of Ci 
that  are joined to the vertices of W' .  We may assume that  INll < - - - <  INTI, and so 
in particular INll < s. 

If IN21 < p  let the classes of K ' = K r ( p l , . . .  ,Pr) be given by 

c[=w', C =NloN2, and 

Since IU~Njl > ( r - 1 ) p ,  we have t h a t / > p .  Note also that  I C ~ l < p §  for 
all i, and hence our K ~ contradicts the maximali ty of p. 

If IN21 > p  select q =  [ p + l J  vertices from W'  and also from each Nj ( 2 < j  _< 
r). These r sets of vertices determine a copy of Kr(q) in G, which contradicts the 
maximali ty of p. This completes the proof of Case 2, and hence of Theorem 4. 
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