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. Let Kp(ug,...,up) be the complete p-partite graph whose ith vertex class has u; vertices
(1<2<p). We show that the theorem of Erd8s and Stone can be extended as follows. There is
an absolute constant « >0 such that, for all 7>1, 0<y<1 and 0<e<1/r , every graph G=G"
of sufficiently large order |G|=n with at least

1 n
1- =
(=59 (3)
edges contains a Kp41(s,m,...,m,£), where m = m(n) = |a(l —y)(logn)/logr], s = s(n) =

la(l — 7)(logn)/rlog(l/e)], and £ = £(n) = La51+7/2n7j. The above result strengthens a
sharpening of the Erd8s—Stone theorem due to Bollobés, Erdés, and Simonovits, which guaranteed
the existence of a Kp11(s,...,s) in G. The strengthening in our result lies in the fact that m
above is independent of ¢ and £ can be demanded to be almost the first power of n. A related
conjecture extending the Chvatal-Szemerédi sharpening of the Erd&s—Stone theorem is presented.

1. Introduction

For a graph G let us Vden_ote its order by |G| and its size, the number of edges
of G, by e(G); we shall usually write G™ for a graph of order n. Let r>1 and 0<

£ <1/r be given.. A celebrated theorem of Erdés and Stone [6] says that, for any
fixed integer t>1, if a graph G=G™ has order |G|=n>ng(r,¢e,t) and

e(G) > (1 - -i— +a> (Z) (1)

then G must contain a complete (r+1)-partite graph K, 1(t), whose every vertex
class has cardinality t: This result is sharp in the following qualitative sense.
Lét T-(n) denote the coraplete r-partite graph of order n whose vertex classes
have cardinality as equal as possible. Then obviously T,(n) contains no complete
subgraph of order 741 but

e(tm) = (1 +o) (1- 1) (3),

T

and hence € in (1) has to be strictly positive. This very powerful and rather
surprising result of Erdés and Stone has many important applications in extremal
graph theory: see for instance [1], Chapter VI, Sections 3 and 4.

AMS subject classification code (1991): 05 C 35



280 B. BOLLOBAS, Y. KOHAYAKAWA

Let us denote by t(e,r,n) the largest ¢ for which every graph of order n and
size (1-1/r+¢)(5) must contain a K,41(t). The Erdés—Stone theorem tells us that

tle,r,n) — o (2)

as n— 00; in fact their proof gives that t(e,r,n) >4/ (log(T) n), where log(™ denotes
the r times iterated logarithm. What is the real growth of t(g,7,n)? Results
concerning this question were obtained by Bollobds and Erdds [2], Bollobés, Erdds,
and Simonovits [3], and Chvdtal and Szemerédi [4]. It is proved in [3] that there is
an absolute constant ¢ >0 such that

clogn
(e, >
(8; 7, n) - TlOg(l/E) ’ (3)
and Chvatal and Szemerédi [4], with a rather involved proof based on the deep
regularity lemma of Szemerédi [7], improved this to

logn
Hesrm) 2 500log(1/¢)’ S
for large enough n. A result in [1] implies that (4) above is best possible up to the
constant 1/500.

Let a graph G = G™ of order n be given, and assume that its edge-
density d(G)=¢e(G) (g)—1 is d>0. As d grows, what can we say about the various
complete (r+1)-partite subgraphs (r=1,2,...) that are guaranteed to exist in G7
By the results given above, we first see that the critical values for d are d, =
1—1/r: when d increases beyond dr, we are suddenly guaranteed to find complete
(r+1)-partite subgraphs K,1(¢) in G. Also, the cardinality of the vertex classes
of our K,41(t) increases as d—d, increases, until we have d=d,, 1, when complete
(r + 2)-partite subgraphs are “born”. Note that the above theorems only tell us
that when d is just above d,, we have a K=K, 11(¢) in G but all its vertex classes
are rather small if d — d, is small. Now, since d —d,_; > r~2 is large, there are
complete r-partite graphs K,(¢) in G with ¢ large. A very natural question then
is the following: is it true that if d = d(G) is just above d, and |G| is sufficiently
large, then G contains a complete r-partite subgraph such that (i) its vertex classes
are of large cardinality, i.e. of cardinality independent of e=d—dr, and (%) it can
be extended to a complete (r+ 1)-partite subgraph whose smallest vertex class is
as large as the right-hand side of (4), where e=d—d,? In other words, is it true
that our G contains an (r-+1)-partite graph all of whose vertex classes are of large
cardinality (independent of e =d—d,) except for one, whose cardinality is as given
in (4)?

We believe that the answer to the above question is “yes”. In fact, it seems to
us that the following extension of the Chvatal-Szemerédi theorem is very plausible.
As usual, we write Kp(u1,...,up) for the complete p-partite graph whose vertex
classes have cardinality u1,...,up.

Conjecture 1. There is an absolute constant o> 0 such that, for all r>1 and 0<
e<1/r, every G™ of sufficiently large order satisfying

e(G7) > (1 - % +5> (Z)



AN ERDOS-STONE THEOREM 281

contains a Kr41(sg,mo,-..,mqg), where

B | alogn
o0 = ool = [loga/a)J
and
mg = mo(n) = {o;i(;ngJ . |

Our main aim in this note is to prove a somewhat different extension of the
Erd&s—Stone theorem and, for that matter, an extension of the Bollobds—Erdds—
Simonovits theorem.

Theorem 2. There is an absolute constant o> 0 such that, for all r>1, 0<y <1,
and 0<e<1/r, every G™ of sufficiently large order satisfying

e(G") > (1 - —i— + 5) (Z)

contains a Kry1(s1,m1,...,m1,41), where

logn J

51 =s1(n) = {O‘(l - V)W

my = ma(n) = {a(l -7) ﬁi:J ,

and
61 = £1(n) = |aett2n7).

Note that s equals sg/r up to an absolute multiplicative constant, and hence
Theorem 2 comes quite close to proving Conjecture 1. Furthermore, this theorem
shows that, perhaps a little unexpectedly, the largest vertex class of our (r+1)-
partite graph can be guaranteed to be extremely large, namely of order at least n!=?
for any fixed p > 0. Note that Conjecture 1 and Theorem 2 are incomparable in
the sense that neither implies the other. However, it is possible that Conjecture 1
and Theorem 2 have a common extension, namely that Theorem 2 also holds if we
change sy to rsy and £; to |¢(r,y,e)n7 |, where ¢(r,v,¢)>0.

Let us remark that our proof of Theorem 2 is based on a simple inequality,
given in Lemma 5 below. Indeed, with the help of this lemma the proof of (3) by
Bollobés, Erdés, and Simonovits can be easily upgraded to a proof of Theorem 2.
We expect that to prove Conjecture 1 and its extension stated above a completely
new approach is needed.

This note is organised as follows. In the next section we prove Theorem 2 in
the particular case where r=1 and, by applying a standard lemma, we note that
for » > 2 we can derive Theorem 2 as a corollary of a seemingly weaker result,
Theorem 4. In the final section we formulate our key inequality and give its proof;
we then close the note by proving Theorem 4.
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2. Preliminaries

We shall now start the proof of Theorem 2. For simplicity, we shall not specify
the value of o now: it will be clear that the inequalities we shall need in the sequel
are valid if « is not larger than a certain absolute constant. Let us deal with the.
case 7=1 separately first. This case will present no difficulty; we shall merely need
very well-known methods (cf. [1], Chapter VT).

Let a graph G=G" of order n be given. Assume that e(G)>¢(3) and that n
is sufficiently large, so that our inequalities below are valid. Moreover, we may
assume that ¢ <1/2. Let s =s(n) = [(1—7)(logn)/2log(1/¢)]. We shall show
that G contains a copy of Ka(s, [n7]). :

For a vertex z € G let us denote its degree by d(z) = dg(x). The number of
stars K5(1,s) present in G is

£ ()=o)

where the inequality follows from the convexity of the function fs(z)= (i) Hence,
there exists a collection of s vertices of G that is joined to at least

-1 -1 i s
z (d(x)) (n) > n(e(n 1)> (n) > <g(n —1)—s+ 1) >
S s s 5 n—s+1

zeG
vertices, and this gives us a Kq(s,[n7]) in G, as required.

Now we proceed to the case r >2. We shall need the following standard lemma,
whose proof may be found in [1], Chapter VI, p. 330. As usual, we write 6(G) for
the minimal degree of a graph G. .

Lemma 3. Let 0<e<d<1. Supposen>4d/e and d(G") =¢e(G)(3) “1>d. ThenG™
contains a subgraph H of order n'>> (¢/2)1/2n, such that S(H)>(d—e)n'. |

The above lemma tells us that the following theorem implies (and so is prac-
tically equivalent to) Theorem 2.

Theorem 4. There is an absolute constant 3> 0 such that, for all r >2, 0 <y <1,
and 0<e<1/r, every G™ of sufficiently large order satisfying

1
5(G™) > (1 ! +g) n
r
contains a Ky41(s,m,...,m,£), where

s=ﬂmzpu~ﬂl%”J,

rlog(1/z)

m= i) = |0 - E2

and
£={(n)=|Ben”].
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3. The proof of Theorem 4

We shall assume throughout this section that n is large enough. Let us once
and for all fix r>2, 0<y<1, and 0<e<1/r. We assume that s, m and £ are as in
Theorem 4, where 8> 0 will be specified later: it will be clear that all inequalities
used in the sequel are valid provided n >ng=ng(r,v,2), and §<fy, where fy is a
positive absolute constant. Let us start by assuming that 5> 0 is small enough so -
that if tg=[(logn)/500logr| then s <t3/10r and m <tg/12.

Before we proceed, let us give an inequality that will be a crucial ingredient
in deducing Theorem 4. The proof of this inequality, although standard, is rather
cumbersome. Given two integer vectors p = (p;)] and d = (d;)] € N” with p, >
and p;>m (1<i<r), let us set -

=i = () 1 (%) / (V%)
IR T s ) m s) - m)
=1 i=1
Lemma 5. Let p=(p1,...,pr) €N" be an integer vector such that p=(1/r)> ", p;
satisfies tg = | (logn)/5001logr | <p<3s/e, and p; <p+s for all 1 <i<r. Then, if
S={d=(d;)] eN":5<d; <p; alli,> ,d; > (r—1)p, and d, = min;d;},

we have that min{f(d)= f,(d):d€S}>n""L.

Proof. Note that if d =(d;)] €5 then min{d;:1<i<r—1} >p/3. Indeed, if we
assume that d,_1 <d; for all 1<j<r—2 then, since >, d; > (r—1)p, d;<p; <p+s,
and p >tg, we have that d,_1+d, > (r—1)p— (r—2)(p+5)>2p/3. Hence d,_1 >

p/3 since dy_1 > dr. With a similarly simple argument we may check that p; >m
(1<i<r). For d=(d;)7, set

g(d) = ﬁ <i§>

i=1
Let d =(d;)] be given, and assume that dy >dy for some 1<k, £ <r. Define d' =

(d})] by putting
d+1 ifi=k
di=<Sdy—1 ifi=1¢
d; otherwise,
and then note that g(d’) <g(d). Indeed,

g(d’) di +1 dy —m < m) /( m >
— . = 1—-— ]_— <]..
g(d) dpx-m+1 dy dy dy+1) ~

Hence min{f(d):d € S} > f(d*), where d* = (d})] is such that df =p; for 1 <i<
r—3,dr r_5>p/3, and dy =d;. Therefore we have that for all d=(d;)] €S

r—1 %p

= ()00
() CO) ) (o) ()
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since clearly p—|—3<2p Now, as p/3—m2p/4,

<2pe> (6_) ( >f3<1 7)(logn)/rlog(1/¢)
<

Also,

{ (66)(logn)/ logr} B=)/r

< nl=7)/2,
Hence we have that the right-hand side of (5) is bounded from below by n~ (=),
as required. |

Let us now start the proof of Theorem 4. Let G=G" be so that

5(G) > (1—%+5>n

We shall need the following simple lemma in the sequel; its proof may be found
n [1], Chapter VI, p. 332.

Lemma 6. Let X C G = G" be a subset of the vertices of G,andlet Y CG-X
be the set of the vertices of G — X that are adjacent to at least (1—1/r+¢/2)|X]|

vertices in X. Then

TET
Y| > ——IXI 1

By the theorem of Chvétal and Szemerédi [4], we know that our graph G =
G™ contains a K, (tg) = Kr(to,...,tn), where tg = |[(logn)/500logr]. Amongst all
complete r-partite subgraphs of G, let us choose K = K,(p1,...,pr) C G such that
if p=(1/r)>_;p; then p; <p+s for all 4, and such that p is maximal under these

conditions. Note that p>tg. Let p (pl) and P=1[2s/e|. The rest of the proof is
now divided into two cases, accordlng to the size of p.

Case 1. p> P

Note that we may assume that P <p< P-1. Let Z be the vertices of G-V (K)
that are joined to at least

1
(1—;+%>rp=p(r1)+%>p(r—l)

vertices of K. Then by Lemma 6 we have that |Z]|>¢ern/2—o(n)>ern/3. Let z be
a vertex in Z and let d, be the sequence (d )] =(d;(z))], where d;(z) is the number
of vertices in the ith class of K that are adjacent to z. For z € Z, let N, be the
number of subgraphs K’ C K isomorphic to K,(s,m,...,m) such that ( ) the first
vertex class of K/ is contained in the rth vertex class of K ,and (i) z is adjacent

to all vertices of K/. Then
2\ "1 z
s/ - m
=1

o
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Also, the number N of r-partite subgraphs K" C K isomorphic to K.(s,m,...,m)
with their first vertex classes contained in the rth vertex class of K equals

[ r—1 s

r )

()

Now let Z; ={z € Z :d;(z) = min; d;(2)} (1<j<r). We may assume that |Z,| >
|Z|/r. Note that if z € Z,, then

@z = mind? > p(r— 1)+ 2 — (
k4

r—l)(p+s)25;2~(r—1)s.
Asp>P,

1 1 1 |2s

—Ep > — =—|—| >s.

zap_zsP 261761_5

Hence d? > erp/2 — (r—1)s > s. Thus if z € Z, then d, € S, where S is as in
Lemma 5. Therefore there is a copy of K(s,m,...,m) in K that is joined to at
least |Z,|min{f,(d):d € S} vertices in Z,, and by Lemma 5 this quantity is at

least (en/3)/n'~7 > Ben?. This completes the proof of this case.
Case 2. p< P

Let ZC G- V(K) be as in the previous case, and let U C Z be the set of the
vertices in Z adjacent to at least s vertices in each class of K. Here we split our
argument into two subcases, according to the size of U.

(i) Assume that [U|>ern/12. Then, again using Lemma 5, we see as in Case 1
that there is a Kr(s,m,...,m) C K joined to at least Ben? vertices of G — V(K),
completing the proof.

(7) Assume now that |U|<ern/12. Our aim here is to show that this cannot
happen by deriving a contradiction. Let W=Z\U. By Lemma 6, we have that |W|>
|Z|—ern/12>ern/4. Let us classify the vertices in W by their neighbourhood in K:
let us say that two vertices x and y (z, y € W) are K-equivalent if the set of vertices
of K that are adjacent to z equals the corresponding set of vertices for y. How
many classes of vertices have we split W into? Our aim now is to show that the
number of such classes is small, and therefore there is a large class.

Let the C; be the ith class of K. For each w €W let 4(w) be so that w is adjacent
to fewer than s vertices in Cy(,,). Note that the number of vertices u in K —Cy(y)
that are not adjacent to a fixed vertex w of W is less than (r—1)(p+s)—((r—1)p—s) =
rs. Hence the number of classes that we have split W into is at most

SZ G () = () s ()

=1 | A<s u<rs K
s(1+7) _ ,
< 4r2° (@) < dr (4o tog )/ toa(3/e) ] POV e

Since W is large enough, there is a set W' C W with cardinality |p+ s| consisting
of K-equivalent vertices.
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We shall now finish the proof by constructing K’ = K,(p1,...,pr) C G for
which p; <p'+s (1<i<r), where p’ =(1/7r) 3", p; >p. Note that this contradicts
the maximality of p, and hence we are done. Denote by N; the set of vertices of C;
that are joined to the vertices of W’/. We may assume that [V1]|<---<|N;|, and so
in particular |[N1|<s.

If {Ny| <p let the classes of K'=K,(p1,...,p-) be given by

Ci=W, Ch=N1UN;, and Cj;=N; (3<j<r)

Since |7 N;| > (r—1)p, we have that p’>p. Note also that |C}| <p+s<p'+s for
all 4, and hence our K’ contradicts the maximality of p.

If [Na| > p select ¢= [p+1] vertices from W’ and also from each N; (2<j <
r). These r sets of vertices determine a copy of Kr(¢) in G, which contradicts the
maximality of p. This completes the proof of Case 2, and hence of Theorem 4.
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